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Cayley graphs and Veech groups of infinite-genus surfaces
CAMILO RAMÍREZ MALUENDAS
We build for each countable and finitely generated subgroup G < GL(2,R) without
contracting elements a tame translation surface S having Veech group G and
infinite genus. Moreover, the topological ends of S can be represented in the form
B unionsq U , where B is a subspace homeomorphic to the topological ends of the Cayley
graph of G , and U is a countable dense open subset of ends of S .
05C30; 05C25, 52B15, 05C07
Introduction
The translation surfaces has appeared naturally in different fields such as Dynamical
systems (see [HS10], [KMS86]), Teichmüller theory (see [KZ03],[Möl09]), Riemann
surfaces (see [MT02], [Zor06]), Algebraic geometry (see [Möl06]), among other. In
this paper we focus on the tame translation surface. From a historical viewpoint, these
objects appear when R. H. Fox and R. B. Kershner [FK36] associated to each billiard
φP , coming from an Euclidean compact polygon P ⊂ E2 , a surface SP with tame
translation structure, which they called Überlagerungsfläche1, and a projection map
pip : Sp → φP , mapping each geodesic of SP onto a billiard trajectory of φP . Several
authors have been studied these surface, see e.g., [ZK75], [PSV11], [VWS14], [FU14].
During the 1989s, W. A. Veech [Vee89], associated to each translation surface an affine
subgroup Γ of GL(2,R) (called subsequently the Veech group) and he proved using
Teichmüller theory that: if the group Γ associated to a compact translation surface S
is a lattice2, then the behavior of geodesic flow of S has dynamical properties similar
to the flat torus. In [Vor96] one can read a new proof of this result which does not use
Teichmüller theory. Actually, the study of the Veech groups has attracted the attention
of numerous researchers e.g., [HL06], [Hoo14], [Fin16].
1 Überlagerungsfläche is a german term closer in meaning to the modern word covering, i.e.,
covered surface and it is also written as Ueberlagerungsflaeche.
2It means, Γ acts on the hyperbolic plane such that the quotient space under this action has
finite hyperbolic area.
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2 Ramírez Maluendas
When the translation surface S is compact3 then its Veech group is a subgroup of
SL(2,R), it is Fuchsian. The theorem following describe all possible Veech group one
can obtain for tame non compact translation surface.
Theorem 0.1 For a tame translation surface S its Veech group Γ < GL(2,R) is
1. Countable and does not contain contracting elements, or
2. Conjugated to P :=
{(
1 t
0 s
)
: t ∈ R and s ∈ R+
}
, or
3. Conjugated to P′ < GL+(2,R), the subgroup generated by P and −Id, or
4. Equal to GL+(2,R).
Even more, when the translation surface S is compact4 then its Veech group is a
subgroup of SL(2,R), it is Fuchsian. In this instance, one could natural ask: Which
Fuchsian groups are realized as Veech groups? See [HS06, p. 524]. In fact, it is a
difficult question and is still open. Nevertheless, for the case of non compact tame
translation surface there are subgroup of GL(2,R) realized as Veech group. In [PSV11]
P. Przytycki, G. Weitze-Schmithüsen, and F. Valdez consider a subgroup G of GL(2,R)
satisfying 1, 2 or 3 of the Theorem 0.1, and they build a tame Infinite Loch Ness
monster5 having Veech group G. Also, the author jointly with F. Valdez in [RMV17]
build a lot of surface of infinite type6 having tame translation structure with Veech
group G, where G < GL(2,R) and satisfies the condition 1, 2 or 3 of the Theorem 0.1.
The topological type of any orientable surface S is given by its genus g ∈ N ∪ {∞}
and a couple of nested, compact, metrizable and totally disconnected spaces Ends∞ ⊂
Ends(S), which are known as the ends space of S and the ends of S , having (infinite)
genus (see e.g., [Ker23], [Ric63]). The ends space can be extended to graph locally
finite [Fre31]. Hence, one can define End(G) the ends space of the Cayley graph of a
finitely generated group G.
For G a subgroup finitely generated of GL(2,R), satisfying the condition 1 of the
Theorem 0.1, the goal of this paper is to build a nice tame translate surface S with Veech
group G such that its ends space has a closed subspace homeomorphic to Ends(G).
Our main result is the following.
3Compact translation surfaces are tame, but not all translation surfaces are tame. We refer
the reader to [BV13] for a general discussion on singularities of translation surfaces.
4Compact translation surfaces are tame, but not all translation surfaces are tame. We refer
the reader to [BV13] for background on singularities of translation surfaces.
5It is the orientable surface with infinite genus and only one end, see [PS81], [Ghy95].
6These are surfaces whose fundamental group is not finitely generated.
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Theorem 0.2 Let G be a finitely generated subgroup of GL(2,R) without contracting
elements. Then there exists a tame translation suface S whose Veech group is G and,
whose ends space is:
1. If G is not finite, then the ends space of S can be represented in the form
Ends(S) = Ends∞(S) = B unionsq U,
where B is a closed subset of Ends(S) homeomorphic to Ends(G), and U is a
countable dense open subset of Ends(S).
2. If G is finite, then the surface S has |G|7 ends and each end has infinite genus.
Given that the ends space of the Cayley graph of a finitely generated group has 0, 1,
2 or infinitely many ends (see [SW79]), then it is inmediate the following result from
point of view of the Ordinals theory (see [MS20] [Kec95]).
Corollary 0.1 Let S be the tame translation surface of the Theorem 0.2, then
1. The ends space Ends(S) is homeomorphic to the ordinal number ω+ 1, if the
ends space Ends(G) has 1 end.
2. The ends spac Ends(S) is homeomorphic to the ordinal number ω · 2 + 1, if the
ends space Ends(G) has 2 ends.
This article is organized as follows. In section 1, we review the standard definition
of ends in topological spaces. Also, we introduce the classification theorem of non-
compact and orientable surfaces, and a short introduction of the ends of a finitely
generated group. Finally, we give the definitions on translation surfaces and Veech
group. The section 2 is dedicated to the proof of our main result.
1 Preliminares
1.1 Ends spaces
Given X a locally compact, locally connected, connected Hausdorff space, and U1 ⊃
U2 ⊃ · · · an infinite nested sequence of non-empty connected open subsets of X , so
that
(1) The boundary of Un in X is compact for every n ∈ N.
7Where | | signifies cardinality.
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(2) For any compact subset K of X there is l ∈ N such that Ul ∩ K = ∅. We shall
denote the sequence U1 ⊃ U2 ⊃ · · · as (Un)n∈N .
Two sequences (Un)n∈N and (U
′
n)n∈N are equivalent if for any l ∈ N it exists k ∈ N
such that Ul ⊃ U′k and n ∈ N it exists m ∈ N such that U′n ⊃ Um (see [Fre31]). The
corresponding equivalence classes are called the topological ends of X . We will denote
the space of ends by Ends(X) and each equivalence class [Un]n∈N ∈ Ends(X) is called
an end of X .
For every non-empty open subset U of X in which its boundary ∂U is compact, we
define U∗ := {[Un]n∈N ∈ Ends(X) : Uj ⊂ U for some j ∈ N}. The collection formed by
all sets of the form U ∪ U∗ , with U open with compact boundary of X , forms a base
for the topology of X′ := X ∪ Ends(X).
Theorem 1.1 [Ray60, Theorem 1.5]. Let X′ := X ∪ Ends(X) be the topological space
defined above. Then,
(1) The space X′ is Hausdorff, connected and locally connected.
(2) The space Ends(X) is closed and has no interior points in X′ .
(3) The space Ends(X) is totally disconnected in X′ .
(4) The space X′ is compact.
(5) If V is any open connected set in X′ , then V \ Ends(X) is connected.
Ends of surfaces. By surface we mean a connected oriented 2-manifold S without
boundary (which may or may not be closed). An orientable surface S is said to be
planar if all of its compact subsurfaces are of genus zero. An end [Un]n∈N is called
planar if there is l ∈ N such that Ul is planar. The genus of a surface S is the maximum
of the genera of its compact subsurfaces. Remark that, if a surface S has infinite genus,
there is no finite set C of mutually non-intersecting simple closed curves with the
property that S \ C is connected and planar. We define Ends∞(S) ⊂ Ends(S) as the
set of all ends of S which are not planar (ends with infinity genus). It comes from the
definition that Ends∞(S) forms a closed subspace of Ends(S).
Theorem 1.2 (Classification of non-compact and orientable surfaces, [Ker23], [Ric63])
Two non-compact and orientable surfaces S and S′ having the same genus are homeo-
morphic if and only if there is a homeomorphism f : Ends(S) → Ends(S′) such that
f (Ends∞(S)) = Ends∞(S′).
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Remark 1.1 [Spe49] A surface S has exactly n ends if and only if for all compact
subset K ⊂ S there is a compact K′ ⊂ S such as K ⊂ K′ and S \ K′ are n connected
component.
Ends of a finitely generated group. Given a group G and H a generating set of
G. Then the Cayley graph of G with respecto to the genereting set H is the graph
Cay(G,H) whose vertices of set is composed by the elements of G and, there is and
edge with ends points g1 and g2 if and only if there is an element h ∈ H such that
g1h = g2 . We remark that if H is finite then the Cayley graph8 Cay(G,H) is locally
compact, locally connected, connected Hausdorff space.
Definition 1.1 Let G be a finitely generated group. Then the Ends(G) ends space of
ends of G is defined as Ends(Cay(G,H)), where H is a finite genereting set of G.
We note that if H
′
is an other finite generating set of G, then the spaces Ends(Cay(G,H))
and Ends(Cay(G,H
′
)) are homeomorphic, it means, the ends space of the Cayley graph
does not depend on the choice of the finite genereting set (see e.g., [Löh17]).
Theorem 1.3 [SW79] If G is a finitely generated group, then G has either 0, 1, 2 or
infinitely many ends.
1.2 Translations surfaces and Veech group
Given S a surface S and A = {(Uα, φα)}α∈I an atlas of charts of S to R2 . The atlas A
of S is called of translation, if for any α, β ∈ I , such that the intersection Uα ∩ Uβ , ∅,
the map
φα ◦ φ−1β |φβ(Uα∩Uβ) : (Uα ∩ Uβ) ⊂ R2 → R2
is locally a restriction of a translation of R2 . An translation atlas of S is maximal if it
is not properly contained in any translation atlas on S . A surface S will be called of
translation if admits a maximal translation atlas. Every translation surface S inherits
a natural flat metric from the plane R2 via pull back. We denote by Ŝ the metric
completion of S with respect to its natural flat metric.
Definition 1.2 [PSV11] A translation surface S is called tame if for every point x ∈ Ŝ
there exist a neighborhood Ux ⊂ Ŝ which is either isometric to some neighborhood of
the Euclidean plane or to the neighborhood of the branching point of a cyclic branched
8For us Cay(G,H) will be the geometric realization of an abstract graph (see [Die17, p.226]).
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covering of the unit disk in the Euclidean plane. In the later case we call x a cone angle
singularity of angle 2npi if the cyclic covering is of (finite) order n ∈ N and an infinite
cone angle singularity when the cyclic covering is infinite.
We denote by Sing(S) ⊂ Ŝ the set of cone angle singularities of S . A geodesic in S
is called singular if it has one endpoint in Sing(S) and no singularities in its interior.
A singular geodesic having both endpoints in Sing(S) is called a saddle connection.
To every saddle connection γ we can associate two holonomy vectors {v,−v} ⊂ R2 by
developing the translation surface structure along γ . Analogously, one can associate two
unit vectors to every singular geodesic, which we will also call holonomy vectors. Two
saddle connections or singular geodesics are said to be parallel if their corresponding
holonomy vectors are parallel.
Let m and m
′
be two disjoint parallel marks of same lengths on a translation surface S .
We cut S along m and m′ , which turns S into a surface with boundary consisting of
four straight segments. We glue this segments back using translations to obtain a tame
translation surface S′ different from the one we started from (see Figure 1). We say that
S′ is obtained from S by regluing along m and m′ (see [RMV17]).
0
a ab b
Figure 1: Gluing marks.
Lemma 1.1 [RMV17] Let S1 and S2 be two translation surfaces homeomorphic to
the Loch Ness Monster and Mj := {mji : ∀i ∈ N} a discrete9 family of marks on Sj ,
j = 1, 2 such that m1i and m
2
i are parallel of same lengths, for every i ∈ N. Then
S :=
 ⋃
j∈{1,2}
Sj
 /m1i ∼glue m2i , for every i ∈ N,
is a tame translation surface homeomorphic to the Loch Ness Monster (see Figure 2).
9By discrete we mean that Mj , as a set of marks, does not accumulate in the metric completion
of the surface.
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Figure 2: Gluing marks on the Loch Ness Monsters.
An affine diffeomophism is a map f : S → S which is affine on charts. We denote by
Aff+(S) the group of all orientation-preserving affine diffeomorphisms. Given that S is
a translation surface, the differential of every element in Aff+(S) is constant. Hence we
have a well-defined group morphism:
D : Aff+(S)→ GL+(2,R),
where D(f ) is the differential matrix of f .
Definition 1.3 [Vee89] The image of D, that we denote by Γ(S) := D(Aff+(S)), is
called the Veech group of S .
We remark that GL+(2,R) acts on the set of all translation surfaces by post composition
on charts. For every g ∈ GL+(2,R), we denote by Sg := g · S and g : SId → Sg the
corresponding affine diffeomorphism.
2 Proof of the Theorem 0.2
Let G be a subgroup of GL(2,R) without contracting elements and let H be a finite gen-
erating set of G, then they can be rewritte as G = {g1, . . . , g|G|} and H = {h1, . . . , hk},
where k ∈ N. Then, we shall build the tame translation S and prove that its Veech
group is G. Finally, we shall show that S has suitable ends space.
2.1 Building the tame translation surface
The following two constuctions are necessary.
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Construction 2.1 For each element hj of H , we consider E(j, 1) and E(j, 2) two
copies of the Euclidean plane with a fixed origin 0 and an orthogonal basis β = {e1, e2},
for each j ∈ {1, . . . , k}. Now, on the copy E(j, 1) we define the two families of marks10
following:
Mˇj =
{
mˇji = (4ie1, (4i + 1)e1) : ∀i ∈ N
}
,
L = {li = ((4i + 2)e1, (4i + 3)e1) : ∀i ∈ N} .
(1)
Similarly, on the copy E(j, 2) we define the family of marks
L
′
= {l′i = ((2i + 1)e2, e1 + (2i + 1)e2) : ∀i ∈ N},
and the mark
(2) hjmˇ−j = (2e2, e1 + 2e2).
Then the buffer surface asociated to hj is
(3) S(Id, hj) :=
2⋃
n=1
E(j, n)
/
li ∼glue l′i , for all i ∈ N.
The surface S(Id, hj) is a tame translation surface with infinitely many conic singularities
of angle 4pi homeomorphic to the infinite Loch Ness monster. The family of marks Mˇj
and the mark hjmˇ−j on the surface S(Id, hj) (see equations (1) and (2)) have not been
glued.
Construction 2.2 We consider E a copy of the Euclidean plane with a fixed origin 0
and an orthogonal basis β = {e1, e2}. On the copy E we define the families of marks
following
M = {mi = ((4i − 1)e1, 4ie1) : ∀i ∈ N} ,
Mj =
{
mji = ((2i − 1)e1 + (j + 1)e2, 2ie1 + (j + 1)e2) : ∀i ∈ N, ∀j ∈ {0, . . . , k}
}
.
(4)
Now, we recursively define new marks. For j = 1, we choose a point (x1, y1) in E
where x1 > 0 and y1 < 0 such that the mark
(5) m−1 = (x1e1 + y1e2, x1e1 + h−11 e1 + y1e2) ⊂ E,
is disjoint from the families M and Mj given in equation (4).
For j ∈ {1, . . . , k}, we choose a point (xj, yj) in E where xj > 0 and yj < 0 such that the
mark
(6) m−j = (xje1 + yje2, xje1 + h−1j e1 + yje2) ⊂ E,
10They are given by their ends points.
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is disjoint from the families of marks M , Mj , and the marks m−1, . . . ,m−j defined in
equation (4), and in the step j − 1.
On the other hand, we consider pi : E˜→ E the three fold cyclic covering of E branched
over the origin. We denote as M˜0 := {m˜i0 : ∀i ∈ N} one of the three families of
marks on E˜ defined by pi−1(M). Similarly, we consider t˜1 and t˜2 one of the three
marks on E˜ defined by pi−1(t1) and pi−1(t2), respectively, such that t1 := (e2, 2e2),
t2 := (−e2, −2e2) ∈ E, and the marks t˜1 , t˜2 are the same fold of E˜ as M .
The decorated surface is
(7) SId :=
E ∪ E˜ ⋃
∀hj∈H
S(Id, hj)

/
∼
where ∼ is the equivalent relation given by gluing marks as follows
(1) t˜1 ∼glue t˜2 on E˜.
(2) m0i ∼glue m˜i0 on E and E˜, respectively.
(3) mji ∼glue mˇji , for each i ∈ N and for eacha j ∈ {1, . . . , k}, on E and the buffer
surface S(Id, hj), respectively.
By the Lemma 1.1 the surface SId is a tame translation surface with infinitely many
conic singularities of angle 4pi and only one singularity of angle 6pi. Moreover SId is
homeomorphic to the Infinite Loch Ness monster.
Remark 2.1 For each j ∈ {1, . . . , k}, the marks hjmˇ−j and m−j (see equations (2) and
(6)) on the decorated surface SId have not been glued.
For each g ∈ G, Sg the affine copy of the decorated surface SId obtained by postcom-
posing every chart by the affine transformation associated to the matrix g, it will be
called as the decorated surface associated to g. For each j ∈ {1, . . . , k} we denote by
ghjmˇ−j and gm−j the marks on Sg given by the image of the marks hjmˇ−j and m−j via
the affine diffeomorphism g : SId → Sg .
Lemma 2.1 [PSV11, Lemma 4.5] For every g ∈ G, the distance in Sg between the
families of marks {ghjmˇ−j : j ∈ {1, . . . , k}} and {gm−j : j ∈ {1, . . . , k}}is at least 1√2 .
Then we define the surface
(8) S :=
⋃
g∈G
Sg
/
∼
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where ∼ is the equivalent relation given by gluing marks as follows. Given an edge
(g, ghj) of the Cayley graph Cay(G,H), we glue11 the mark ghjmˇ−j on Sg to the mark
ghjm−j on Sghj .
2.2 S is a tame translation surface
We shall prove that S is a complete metric space12. Finally, we shall show that the set
of singularities of S is discrete in S .
The surface S is a complete metric space. We denote as (Sˆ, dˆ) the metric completion
space of (S, d). We remark that for all element g of G the closure in S of the open
subset
(9) U(g) := Sg \
{
ghjmˇ−j, gm−j : j ∈ {1, . . . , k}
}
⊂ S
is (by construction) complete. Now, given (xn)n∈N ⊂ S a Cauchy sequence and the real
value  = 1
2
√
2
, then there is positive integer N() ∈ N, such that ∀m, n ≥ N(ε) the
dˆ(xm, xn) <  . The Lemma 2.1 implies that there is an element g ∈ G such that the ball
B(xN(ε)) ⊂ U(g). Given that the closure subset B(xN()) of U(g) is complete, then the
Cauchy sequence (xn)n∈N converges in B(xN()).
The set of singularities of S is discrete in S . This follows from Lemma 2.1 and the fact
that the set of singularities at each surface Sg is discrete, for all g ∈ G.
2.3 The Veech group of S is G
For every g, g′ ∈ G there is a natural affine diffeomorphism fgg′ : Sg → Sg′g whose
differential is precisely g′ . These transformations send parallel marks to parallel marks,
therefore one can glue all fgg′ ’s together to induce an affine diffeomorphism in the
quotient Fg′ : S→ S whose differential is precisely g′ . Since g′ was arbitrary we have
that G < Γ(S).
The decorated Loch Ness Monster SId has only one 6pi singularity x(Id) and only three
saddle connections γ1 , γ2 , γ3 issuing from it. Moreover, the holonomy vectors of
these saddle connections are {±e1,±e2}. This implies that for all g ∈ G, the surface Sg
has only one singularity x(g) of total angle 6pi only three saddle connections γ1 , γ2 ,
γ3 issuing from it. The holonomy vectors of these are {±g · e1,±g · e2}. On the other
11Remark that by construction marks we glue are indeed parallel.
12This is with respect to the distance induced by the natural flat metric on S
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hand suppose that an affine diffeomorphism f ∈ Aff+(S) sends x(Id) ∈ Sdec = SId to
x(g). Its derivative Df must then send {±e1,±e2} to {±g · e1,±g · e2} and have positive
determinant. The only possibility is Df = g, therefore Γ(S) < G.
2.4 The ends space of the surface S
We shall describe the ends space of S for the cases when the group G is either not finite
or finite.
The group G is not finite
We shall prove that the ends space of the surface S can be represented in the form
Ends(S) = Ends∞(S) = B unionsq U,
where B is a closed subset of Ends(S) homeomorphic to Ends(G) and U is a countable
dense open subset of Ends(S). The sketch of the proof is easy. We shall define the
set U from the ends of the decorated sufaces Sg . Then, we shall hold an embedding
i∗ : Ends(Cay(G,H)) ↪→ Ends(S) from a appropriate embedding i of the Cayley graph
Cay(G,H) on the surface S . Finally, we shall show that Ends(S) = B unionsq U and that U
is a dense subset of Ends(S).
Defining the subset U of Ends(S). For each element g of G, the tame translation surface
Sg is homeomorphic to the Infinite Loch Ness monster (see Construction 2.2). Then we
denote as
[
Ugn
]
n∈N the only one end of Sg . Given that the marks ghjmˇ
−j and gm−j , for
each j ∈ {1, . . . , k}, on Sg are finite (see Remark 2.1), then we can suppose without of
generality that the open subset Ug1 does not contain such marks, this implies that the
sequence
(
Ugn
)
n∈N defines an end with infinite genus in the surface S . Hence, we define
the countable set
(10) U :=
{[
Ugn
]
n∈N ∈ Ends(S) : g ∈ G
}
.
We remark that U is a countable discrete subspace of End(S), because for every g ∈ G
the open subset
(
Ug1
)∗
of Ends(S) satisfies
(
Ug1
)∗ \ {[Ugn]n∈N} = ∅. Moreover, the ends
of U are not planar, all them have infinite genus.
Defining the embedding i : Cay(G,H) ↪→ S. We shall describe the image of each vertex
and each edge of Cay(G,H) under the embedding i.
For each element g ∈ G, we let S˜g be the subsurface of S , which is obtained from
Sg removed the marks ghjmˇ−j and gm−j , for each j ∈ {1, . . . , k}, (see Construction
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2.2). Given that the surface S˜g has a point denoted 0g , then we define the map
h : V(Cay(G,H))→ S , such that
(11) g→ 0g.
On the other hand, for each j ∈ {1, . . . , k}, there is a trajectory γj : [0, 1]→ S , having
ends points 0Id and 0hj such that γi ∩ γj = {0Id}, for each i , j ∈ {1, . . . , k} (see
Figure 3). For each j ∈ {1, ..., k}, the edge (Id, hj) of the Cayley graph Cay(G,H) is
homeomorphic to open interval (0, 1), then we can suppose without loss of generality
that the path γj : [Id, hj]→ SId satisfies γj(Id) = 0Id and γj(hj) = 0hj .
. . . 
. . . 
. . . 
. . . 
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Figure 3: Image of γj .
Given that the Veech group of the surface S is G, then for each element g ∈ G, there is
an affine diffeomorphims
g : S→ S
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such that its matrix differential is Dg = g. From the diffeomorphism g we hold the
path
g ◦ γj : [0, 1]→ S,
which has ends points 0g and 0ghj , for each j ∈ {1, . . . , k}. Moreover, the intersection
(g ◦ γi) ∩ (g ◦ γj) = {0g}, for each i , j ∈ {1, . . . , k}. Similarly, for each j ∈ {1, . . . , k},
we can suppose without loss of generality that g ◦ γj : [g, ghj]→ S such that γj(g) = 0g
and γj(ghj) = 0ghj .
Hence, the map i : Cay(G,H) ↪→ S , where i|V(Cay(G,H)) := h and i|(g,ghj) := g ◦ γj , for
each g ∈ G and j ∈ {1, . . . , k}, is an embedding.
Defining the embedding i∗ : Ends(Cay(G,H)) ↪→ Ends(S). The following remarks are
necessary.
Remark 2.2 For each element g ∈ G, we denote as Kg to the compact composed by
the 2k marks on the surface Sg not glue. We let Sg be the closure of Sg \ Kg in S .
If U is a connected open subset of Cay(G,H) having compact boundary (we can
suppose without loss of generality that the boundary ∂U ⊂ V(Cay(G,H))), then we
define the set U˜ as follows
U˜ := Int
 ⋃
g∈V(Cay(G,H))∩(U∪∂U)
Sg
 ⊂ S.
We remark that U˜ is connected subset of S having compact boundary. Moreover, it is a
subsurface with infinite genus.
Remark 2.3 Let U1 and U2 be two open connected subsets of Cay(G,H) having
compact boundary. If the intersection of the boundaries ∂U1, ∂U2 ⊂ V(Cay(G,H)),
then we hold the properties following.
1. If U1 ⊃ U2 , then U˜1 ⊃ U˜2 .
2. If U1 ∩ U2 = ∅, then U˜1 ∩ U˜2 = ∅.
By the Remark 2.2, each end [Un]n∈N of the Cayley graph Cay(G,H) define the end
with infinite genus
[
U˜n
]
in Ends(S). Hence, we hold the map i∗ : Ends(Cay(G,H))→
Ends(S), such that
[Un]n∈N →
[
U˜n
]
n∈N ,
which is well define. We shall prove that i∗ is an embedding.
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The map i∗ is injective. We consider [Un]n∈N and [Vn]n∈N two different ends of the
Cayley graph Cay(G,H), then there is n ∈ N such that Un ∩ Vn = ∅. By Remark
2.3, the intersection U˜n ∩ V˜n = ∅, it implies that the ends i∗ ([Un]n∈N) =
[
U˜n
]
n∈N and
i∗([Vn]n∈N) =
[
V˜n
]
n∈N are different.
The map i∗ is continuous. We consider [Un]n∈N an end of the Cayley graph Cay(G,H)
and V∗ an open subset of Ends(S) such that i∗ ([Un]n∈N) =
[
U˜n
]
n∈N ∈ V∗ . We shall
prove that there is a neighborhood W∗ of [Un]n∈N , such that i∗ (W∗) ⊂ V∗ . Given the
map i is an embedding and, the open subset V ⊂ S is connected and has compact
boundary, then there is a connected component with compact boundary W belonged to
i−1(V), such that [Un]n∈N ∈ W∗ . The choice of W implies that i∗ (W∗) ⊂ V∗ .
The map i∗ is closed. It holds because every continuous map from a compact space to
a Hausdorff space is closed (see [Dug78, p. 226]). Hence, the map i∗ is an embedding.
We remark that by definition of the set U (see equation (10)) the intersection
i∗ (Ends (Cay(G,H))) ∩ U = ∅.
The ends space of the surface S is
(12) Ends(S) = i∗ (Ends (Cay(G,H))) unionsq U.
We consider the end [Un]n∈N of S , we shall prove that it belongs to the union
i∗ (Ends (Cay(G,H))) unionsq U.
Given the Cayley graph Cay(G,H) is a σ-compact space, then there is a increasing
sequence of compacts subset K1 ⊂ K2 ⊂ ... of Cay(G,H), such that Cay(G,H) =⋃
n∈N
Kn and whose complements define the ends space of the Cay(G,H) [DK03]. More
precisely, we can write
Cay(G,H) \ Kn := Un1 unionsq . . . unionsq Uni(n)
where Unl(n) is connected component with compact closure, for each l(n) ∈ {1, . . . , i(n)}.
Then, the ends space of Cay(G,H) is the set composed by all sequences
(
Unl(n)
)
n∈N ,
such that Unl(n) ⊂ Cay(G,H) \ Kn and Unl(n) ⊃ Un+1l(n+1) .
On the other hand, for each n ∈ N, the compact subset Kn of Cay(G,H) defines the
compact subset
K˜n :=
⋃
g∈Kn∩V(Cay(G,H))
Kg ⊂ S,
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where Kg is the compact composed by the 2k marks on the surface Sg not glue (see
Remark 2.3).
Given the [Un]n∈N is an element of Ends(S), then for each n ∈ N, there is l(n) ∈ N such
that K˜n ∩ Vl(n) = ∅. The open subset Ul(n) of S is belonged to a connected component
of S \ K˜n , then we should study the two cases following:
Case 1. There is m ∈ N, such that Vl(m) ⊂ Sg \ Kg for any g ∈ G. It this occurs, it is
clearly that [Un]n∈N ∈ U .
Case 2. There is end
[
Unk(n)
]
n∈N of the Cayley graph Cay(G,H) such that for each
n ∈ N, Ul(n) ⊂ U˜nk(n) . We shall that the ends [Un]n∈N and
[
U˜nk(n)
]
n∈N are equivalent. For
each n ∈ N, ther is s(n) ∈ N such that
∂Un ∩ U˜s(n)k(s(n)) = ∅.
Then the open subset U˜s(n)k(s(n)) of S is belonged to any connected component of S \ ∂Vn .
On the other hand, there is l(s(n)) ∈ N such that Vl(s(n)) ⊂ U˜s(n)k(s(n)) , this implies the
dichotomy following: U˜l(s(n)) ⊂ Un or Un ⊂ U˜l(s(n)) . Given that Us(n)k(s(n)) is a connected
open subset of S , then if we consider any of both previous contentions, we easily
conclude that Us(n)k(s(n)) ⊂ Vn . It shows that ends [Un]n∈N and
[
U˜nk(n)
]
n∈N are equivalent.
The open subset U is dense in Ends(S). Given the element [Un]n∈N ∈ Ends(S) \ U ,
we will prove that [Un]n∈N is in the closure of U , i.e., [Un]n∈N ∈ U . From the
equation (12), there is an end
[
U˜nk(n)
]
n∈N belongs to the set i∗ (Ends (Cay(G,H))), such
that the ends [Un]n∈N and
[
U˜nk(n)
]
n∈N are equivalent. By Remark 2.3 we hold that(
U˜nk(n)
)∗ ∩ U , ∅, for every n ∈ N.
The group G is finite
We can suppose that G is generated by itself. Then we shall prove that the ends space
of the surface S has |G| = k ends and each end has infinite genus. To prove that S has
exactly k ends it is enough to consider a compact subset K ⊂ S and show a compact
subset K
′ ⊂ that there is a compact K′ ⊂ S such that K ⊂ K′ and S\K′ are k connected
component.
On the other hand, we hold the following statements:
(1) For all g ∈ G, the surface Sg is a Infinite Loch Ness monster, then the subsurface
U(g) = Sg \
{
ghjmˇ−j, gm−j : j ∈ {1, . . . , k}
}
⊂ S (see equation (9)) is a Infinite
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Loche Ness monster with 2k puntured. Moreover, the subsurface
S \
⋃
g∈G
{
ghjmˇ−j, gm−j : j ∈ {1, . . . , k}
}
=
⊔
g∈G
U(g)
is conformed by k connected component.
(2) The intersection of the closure of U(g) in S and the compact K is a compact
U(g) ∩ K = Kg .
Given that G is finite and by the statements above, then there is a compact subset
K
′
g ⊂ Sg such that
{
ghjmˇ−j, gm−j : j ∈ {1, . . . , k}
}
⊂ K′g , Sg \ K′g is connected, and the
closure in S of the subset
(13) Lg := K
′
g \
{
ghjmˇ−j, gm−j : j ∈ {1, . . . , k}
}
⊂ Sg
contanins to Kg i.e., Kg ⊂ Lg . The closed subset Lg ⊂ S is compact. Then the compact
subset K
′
:=
⋃
g∈G
Lg ⊂ S contains to K , and S \ K′ = ⊔
g∈G
(
Sg \ K′g
)
are k connected
component.
Finally, we shal prove that each end of S is not planar. For each element g of G,
we denote as
[
Ugn
]
n∈N the only one end of the Infinite Loch Ness monster Sg (See
Construction 2.2). Then Given that the marks ghjmˇ−j and gm−j , for each j ∈ {1, . . . , k},
on Sg are finite (see Remark 2.1), then we can suppose without of generality that the
open subset Ug1 does not contain such marks, this implies that the sequence
(
Ugn
)
n∈N
defines an end with infinite genus in the surface S . It implies that
Ends(S) = Ends∞(S) =
{[
Ugn
]
n∈N : g ∈ G
}
.
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